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a b s t r a c t

In this paper, the effects of introducing lateral circular cutouts on crash performances of tapered thin-
walled tubes are explored within a simulation-driven surrogate-based multi-objective optimization
framework. The crash performances of the tubes are measured using the crush force efficiency (CFE) and
the specific energy absorption (SEA) criteria, which are computed using the finite element analysis code
LS-DYNA. Surrogate-based optimization approach is followed to find out that optimum values of the wall
thickness, the taper angle, the cutout diameter and the numbers of cutouts in horizontal and vertical
directions to maximize CFE and SEA. Four different surrogate models are used: polynomial response
surfaces, radial basis functions, and Kriging models with zeroth- and first-order trend models. It is found
that the optimum CFE of the tubes with lateral circular cutouts is 27.4% larger than the optimum CFE of
the tubes without cutouts. It is also found that the optimum SEA of the tubes with lateral circular cutouts
is 26.4% larger than the optimum SEA of the tubes without cutouts. It is observed that the optimum SEA
design has slightly reduced wall thickness, significantly reduced taper angle, significantly increased
cutout diameter, increased number of cutouts in horizontal direction and slightly reduced number of
cutouts in vertical direction compared to the optimum CFE design. In addition, multi-objective optimi-
zation of the tubes is performed by maximizing a composite objective function that provides a com-
promise between CFE and SEA. It is found that the CFE dominates the behavior of composite objective
function.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, thin-walled structures have been increasingly
used as crash absorbers which convert impact energy into internal
energy through structural deformation. Tubular structures are the
most common type due to their simple, efficient shape and also
ease of manufacture and assembly in the industry. The main goal
of these crash absorbers is to transfer minimum amount of crash
energy to the occupants and the main parts of the vehicle in case
of a collision. In a crash incident, crash absorber is deformed
plastically and a great part of energy is absorbed during the col-
lision. It becomes unusable (i.e., discarded) after a single crush.
Light-weight design of these crushable parts are still studied by
many researchers in order to have excellent crashworthiness and
formability.

To predict and observe the crushing behavior of thin-walled
tubes under axial impact loading, there have been numerous re-
searches in the literature. These studies have mainly focused on
circular [1–4] and square [1,5] types of tubes, while many different
types of cross-sectional shapes exist such as hexagonal [1,6] or
octagonal [7]. Tubular structures have a wide range of options
including straight and tapered types. All side-walls are parallel to
the longitudinal axis of the tube in the straight types. However, for
tapered types, at least one side-wall is oblique with respect to the
longitudinal axis. Tapered crash absorbers are more advantageous
to the straight tubes since they are effective for both oblique and
axial impact loads [8]. Energy absorption capability of different
tapered tubes under axial impact loading was investigated by
Nagel and Thambiratnam [9]. They varied the number of tapered
sides and the wall thickness. Liu [10] performed a design optimi-
zation for the tapered tubes with square sections, where section's
side length, wall thickness and tapering angle are design variables.
Paralleling the strategy in tapering the tubes, there are many other
suggestions which propose reducing the initial peak load or in-
creasing the amount of absorbed energy. Applying imperfections
and geometrical discontinuities, such as grooves [11], cutouts (or
holes) [12,13], dents [14] and corrugations [1,15,16], is the pre-
valent one. In addition to these conventional modification meth-
ods, some studies propose a topological change of the tube side-
walls including the form of circular cutouts [17] or rectangular
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windows [18]. The energy absorption characteristics of the tubes
with laterally drilled cutouts under axial impact loading were in-
vestigated by Arnold and Altenhof [19]. They experimentally ob-
served the effect of location and diameter of the cutouts on the
energy absorption behavior. For the square form of cutouts, Han
et al. [20] studied crushing behavior under axial loading by
changing the location of cutout and tube length. Also, Bodlani et al.
[21] varied number of cutouts and cutout diameters with different
cutout spacing configurations for square tubes. Common among
the aforementioned studies is to investigate the effect of tapering
or geometrical discontinuities in the form of cutouts only. This
paper aims to analyze both the effect of tapering and geometrical
discontinuities in the form of cutouts.

During the axial crushing process of thin-walled tubes, crush-
ing forces are generated to overcome the resistance of the tube.
For a crashworthy energy absorber design, the tubes under axial
impact loading are expected to provide both high energy absorp-
tion and stable reaction force. In other words, they should have a
fairly uniform response to impact load after the initial peak. At the
start of axial crushing process, initial peak force should be as low
as possible to minimize the injury and damage, while the ability of
energy absorption of the tube is being improved. Accordingly, both
peak crush force and energy absorption values should be taken
into consideration in determining the optimal design of a crush
absorber. One of the common way to determine the optimal de-
sign is the calculation of crush force efficiency (CFE) and specific
energy absorption (SEA). CFE and SEA can be described as the ratio
of mean crush force to the peak crush force and the energy ab-
sorption per unit mass, respectively. For example, Arnold and Al-
tenhof [19] studied the effect of circular cutouts centrally located
into the two opposing walls of the square tubes by comparing the
CFE and SEA values. Han et al. [20] characterized the crushing
behavior of tubes with a cutout by evaluation of SEA values. On the
other hand, weight of the structure is another remarkable factor
for a commercial design. Song et al. [18] aimed to reduce weight by
introducing patterned windows to the thin-walled square tubes.
They performed a parametric study in terms of SEA. SEA para-
meter do not only provide a great information about the efficiency
of crash absorber but also it may lead to a light-weight design of
energy absorbing component, which the weight and the material
cost of the structure are also crucial.

The main objective of this study is to analyze tapered tubes with
geometrical discontinuities in the form of lateral circular cutouts,
where the wall thickness, the tapering angle, the cutout diameter,
Fig. 1. The geometry of the thin-walled tube (a) without, and (
and the numbers of cutouts in horizontal and vertical directions are
considered as design variables. Such an analysis can be conducted
using either experimental or numerical methods (e.g., finite element
method (FEM)). Since experiments are expensive and time de-
manding, and FEM has become a widely accepted technique in en-
gineering applications, FEM is used in this paper to analyze several
designs without the need of building an testing them. The com-
mercially available explicit dynamic finite element (FE) analysis code
LS-DYNA [22] is used in this study to simulate the crash behavior of
thin-walled tubes under axial impact loading. The simulations of the
thin-walled tubes are performed based on the loading conditions in a
standard high-speed crash test, European New Car Assessment Pro-
gram (Euro NCAP) [23].

In this study, the global geometrical properties (the wall
thickness and the taper angle) as well as the local geometrical
properties (the cutout diameter and the numbers of cutouts in
horizontal and vertical directions) are optimized to maximize the
CFE and the SEA. The main challenge in solving this optimization
problem is related to the very large computational costs of per-
forming FE simulations, and the use of surrogate models is a
common and practical approach. Several researchers performed
structural optimization of the vehicles or their components by
using surrogate models (e.g., [24–30]). In particular, some re-
searchers focused on energy absorption capabilities of the thin-
walled tubes, and used surrogate models to perform crash-
worthiness optimization of these tubes [10,31–36]. In this study,
multi-objective surrogate-based optimization of the tubes are
performed to determine the global and local geometrical proper-
ties of tapered thin-walled tubes with lateral circular cutouts for
maximum CFE and SEA.

The remainder of the paper is organized as follows: The next
section provides the description of the optimization problem.
Section 3 presents the details of the finite element analysis of the
tapered thin-walled tubes with lateral circular cutouts. Section 4
discusses the construction and accuracy evaluation of the surro-
gate models. Section 5 presents and discusses the results of the
optimization problem. Finally, the concluding remarks are given in
Section 6.
2. Problem description

Differently from previous conventional modification methods
[14–16], the thin-walled tubes having circular cross sections have
b) with circular cutouts. The dimensions are in millimeters.



Fig. 2. The geometry of the thin-walled tube with circular cutouts.
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Fig. 3. The tube impacted with a rigid wall.
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been modeled with and without geometrical discontinuities in the
form of circular cutouts as shown in Fig. 1. The application of
lateral circular cutouts to the side-walls of the tubes can alter-
natively be called as a topological pattern design, which is ex-
plicitly illustrated in Fig. 2. The tubes have a largest diameter of
150 mm, and a length of 180 mm. For the crash performance of
tubes, the following design problem is considered. The aim is to
achieve both crashworthy and light-weight design. The tubes are
impacted with a 550 kg rigid wall with an initial velocity of 64 km/
h (see Fig. 3) corresponding to standard high-speed crash test of
Euro NCAP.

The crash performance of the tubes is evaluated by two me-
trics: CFE and SEA. In optimization, these two metrics are selected
as objective functions. The design variables are chosen as (i) the
tube wall thickness (t), (ii) the taper angle (α), (iii) the diameter of
circular cutouts (d), (iv) the number of cutouts in horizontal di-
rection (Nh), and (v) the number of cutouts in vertical directions
(Nv). Therefore, the optimization problem for maximum CFE (or
maximum SEA) can be stated as

( )
α

α

− −

≤ ≤
≤ ≤ °
≤ ≤
≤ ≤
≤ ≤ ( )

t d N N

CFE SEA

t

d
N

N

Find , , , ,

Min or

Such that 2 mm 3.5 mm
0 15

5 mm 15 mm
2 10

1 5 1

h v

h

v

In this study, the effect of the use of the lateral circular cutouts
are evaluated by comparing the energy absorption capacity of the
thin-walled tubes with lateral circular cutouts to those of the thin-
walled tubes without cutouts. Therefore, a separate optimization
problem is formulated for the tubes without cutouts as follows:
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Notice that the optimization problem stated in Eq. (2) is a two-
variable optimization problem, and the bounds of the wall thick-
ness is changed to [1, 2.5] mm (compared to [2, 3.5] mm in Eq. (1))
in order to obtain similar weights for the tubes with and without
cutouts. The bounds of the taper angle, on the other hand, is kept
unchanged.

In addition to formulating a single-objective optimization
problem to maximize either for CFE or SEA, a multi-objective
optimization problem is also formulated by defining a composite
objective function that can provide a compromise between CFE
and SEA. The composite objective function that will be maximized
is defined as

( )= + −
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where F is the composite objective function, w is a weight factor
that specifies the relative importance CFE and SEA, and CFE0 and
SEA0 are the normalization constants for the CFE and SEA, re-
spectively. Here, the values of these normalization constants are
taken as the maximum CFE and SEA values obtained at the training
points.

The optimization problems defined in this section are solved by
using “fmincon” built-in function of MATLAB [37] based on se-
quential quadratic programming. To increase the chance of finding
the global optimum, the optimization runs used 100 different
randomly selected starting points. The optimization results in real
numbers for the numbers of cutouts in horizontal and vertical
directions, even though these design variables should have integer
numbers. To resolve this issue, the following approach is followed.
After the optimum solution is obtained as real numbers for these
design variables, the nearest two integers are considered for each
design variable, hence four combinations are considered. For in-
stance, if the optimum values are found to be Nh¼8.83 and
Nv¼2.36, then the following four (Nh, Nv) combinations are con-
sidered: (8, 2), (9, 2), (8, 3), and (9, 3). For each of these four
combinations, the optimization problem in Eq. (1) is reduced to a
three-variable optimization problem (in terms of t, α and d only),



Fig. 4. Finite element mesh of the tube with lateral circular cutouts.
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and the optimum values of Nh and Nv are calculated. Finally, the
combination with the best performance (i.e., the minimum ob-
jective function value) is declared as the optimum.
Fig. 5. Geometry and the finite element model used in the validation study.

Fig. 6. Comparison of the force-displacement curve obtained from the finite ele-
ment model of the present study to the force-displacement curves obtained from
the experimental and the finite element results of Han et al. [20].
3. Finite element simulations

The collapse behavior of the tubes has been simulated by using
explicit, nonlinear finite element code LS-DYNA. The finite element
models of the tubes are created by using the commercial pre-
processor software HYPERMESH [38]. Thin-walled tubes were
fixed at one end and impacted by a rigid wall having an initial
velocity of 64 km/h and a mass of 550 kg in axial direction.

Belytschko-Lin-Tsay shell elements having five integration
points through the thickness were employed to model thin-walled
tubes having circular cross sections. The side-walls of the tube
profiles have both tapering angle and circular cutout patterns as
shown in Fig. 1b. Thus, the numerical model consists of mostly
quadrilateral elements and small number of triangular elements
(less than % 2) due to the existence of curvatures on the tube
surfaces. The target size of these elements is chosen to be 2 mm,
based on a mesh convergence study. To observe the accurate effect
of topological pattern design, double washers are added around
the circular cutouts by using quadrilateral elements of 1.8 mm
element size. The schematic of the finite element mesh with lat-
eral circular cutouts is shown in Fig. 4.

The material models used in the Finite Element model are the
“Material type 20 rigid material” for the rigid wall and the “Material
type 24 elasto-plastic material” for the tube. For Material type 24,
the plastic region is included with true stress-true strain curve.
Mild steel properties are used for the tubes. Material properties
are taken from an earlier work (Acar et al. [2]) and given in Table 1.
Also, the validation of the FE models is provided in [2].

For contact definitions, “automatic single surface” contact al-
gorithm is used. The self-contact of the tubes, and the contact
between the tube and the rigid wall are defined by using this type
of contact. The friction coefficients used in Ref. [2] are employed in
this study. That is, the static and dynamic friction coefficients for
the tubes are taken as 0.3 and 0.2, respectively. The friction coef-
ficient between the tube and the moving rigid wall is taken to be
0.3.
Table 1
True stress-true plastic strain values for mild steel.

st [MPa] 331 347 390 427 450 469 501 524 533 533

εp 0 0.018 0.0374 0.056 0.075 0.093 0.138 0.18 0.23 0.5
4. Validation of the finite element model

The finite element model used in crash simulations are vali-
dated by using the experimental results of Han et al. [20], where
crushing tests were conducted on aluminum tubes of intermediate
length (L¼5D¼200 mm, where L and D denote the length and the
diameter of the tube, respectively). Han et al. [20] drilled square
cutouts at three different locations L0¼0.50L, L0¼0.75L, and
L0¼0.95L, and they performed both quasi-static tests (crushing
speed of 10 mm/min) and dynamic impact tests (impact speed
varying from 6 m/s to 20 m/s). In the present paper, we used the
experimental results corresponding to the following case: the
cutout was located at the mid-length (that is, L0¼0.50L), and
impact speed of 6 m/s was used (see Fig. 5). For validation of our
finite element model, the force-displacement curves as well as the
deformation modes are used.

The force-displacement curve obtained from the finite element
model of the present study are compared to the force-displace-
ment curves obtained from the experimental and the finite ele-
ment results of Han et al. [20] in Fig. 6. It is found that the results
of the finite element model of the present study are good agree-
ment with the experimental and the finite element results of Han
et al. [20].



Table 2
Comparison of the absorbed energy, the peak crushing force, the specific energy absorption, and the mean crushing force values obtained from to the finite element model of
the present study to those obtained from Han et al. [20].

Absorbed energy (J) @28.3 ms Peak crushing force (kN) SEA (J/kg) Mean crushing force (kN)

A) Experimental results (Han et al. [20]) 811.2 17.80 13,446.9 5.79
B) Finite element results (Han et al. [20]) 1050.0 17.13 17,405.4 7.46
C) Finite element results of the present study 1093.1 18.28 18,119.9 8.11

% Difference between B and A 29.4 �3.8 29.4 28.8
% Difference between C and A 34.8 2.7 34.8 40.0

Fig. 7. Comparison of the deformation patterns obtained from the finite element model of the present study to the ones observed in experiments.
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Furthermore, the force-displacement curve corresponding to
the experimental results as well as the finite element results of
Han et al. [20] are also used to compute the four widely-used re-
sponses in a crush scenario: the absorbed energy, the peak
crushing force, the specific energy absorption, and the mean
crushing force. These values are compared to the finite element
results of the present study and provided in Table 2. It is found
that the finite element predictions of the current study and the
finite element predictions of Han et al. [20] have similar errors.

Finally, the deformation patterns obtained from the finite ele-
ment model of the present study are compared to the deformation
patterns observed in experiments of Han et al. [20]. Fig. 7 shows
good agreement in deformation patterns.
5. Surrogate models

In simulation based design optimization, if the simulations are
computationally very expensive, then the use of surrogate models
is a common and practical approach. A surrogate model is an
approximation model that can mimic the behavior of a complex
simulation model as closely as possible while being computa-
tionally more efficient to evaluate. A surrogate model is con-
structed based on the response data at some specified training
points that are selected by using a proper design of experiments
(DOE) techniques within the bounds of the input variables. After
the responses at the training points are evaluated, the matrix of
input and output values are used to generate a surrogate model.
Next, the accuracy of the generated surrogate model is evaluated.
If the accuracy is found to be satisfactory, the surrogate model is
used in optimization. If the accuracy is found to be unsatisfactory,
then proper measures are taken to improve accuracy to an ac-
ceptable level.

5.1. Design of experiments

The first step of constructing a surrogate model is selecting a
proper DOE type. Two main families of design of experiments exist
[39]: (i) classic designs and (ii) space filling designs. The most
commonly used classic experimental designs include fractional



Table 3
Training points and corresponding responses. The maximum CFE, SEA and F (com-
posite objective function) values obtained at the training points are depicted in bold
fonts.

No. t (mm) α (deg.) CFE SEA (kJ/kg) F (for w¼0.5)

1 1.712 10.727 0.4691 16.62 0.7333
2 1.662 0.401 0.3591 16.44 0.6478
3 2.301 1.078 0.4083 20.37 0.7756
4 1.063 6.213 0.3451 12.70 0.5505
5 2.088 4.752 0.4746 19.20 0.7973
6 1.994 12.129 0.5476 18.55 0.8362
7 1.769 7.910 0.4486 16.96 0.7262
8 1.185 8.550 0.3726 13.27 0.5842
9 2.230 13.531 0.6767 21.49 1.0000
10 1.880 3.699 0.4525 18.30 0.7600
11 2.377 4.070 0.4669 21.32 0.8411
12 2.438 11.268 0.5959 21.25 0.9347
13 1.262 13.265 0.4385 13.36 0.6348
14 1.598 14.748 0.5585 15.84 0.7812
15 2.136 9.108 0.5184 19.43 0.8351
16 1.969 6.894 0.4772 18.44 0.7817
17 1.355 5.788 0.3829 14.53 0.6209
18 1.476 10.158 0.4391 15.73 0.6905
19 1.416 2.858 0.3876 15.18 0.6396
20 1.135 1.993 0.3473 13.46 0.5697
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factorial design (FFD), central composite design (CCD) and Box-
Behnken designs [39]. Popular space filling designs include Latin
Fig. 8. Constructed surrogate models for CFE prediction. T
hypercube sampling (LHS) designs [40], maximum entropy de-
signs [41], minimax and maximin designs [42], and orthogonal
arrays [43]. In this study, LHS design of experiments is used. The
number of training points is selected to be ten times the number of
variables (the rule of thumb). Therefore, 20 training points are
used to generate the surrogate models for the tubes without cut-
outs, whereas 50 training points are used to generate the surro-
gate models for the tubes with lateral circular cutouts. The training
points generated for the tubes without cutouts are the corre-
sponding response values are given in Table 3. The training points
generated for the tubes with cutouts are not given due to space
limitations.

5.2. Construction of surrogate models

After the DOE type is selected, the locations of the training
points are determined within the bounds of the design variables.
Then, the CFE and SEA values at the training points are computed
using LS-DYNA. Next, different types of surrogate models are
constructed using the DoE information and the computed CFE and
SEA values. Quadratic polynomial response surface (PRS) approx-
imations, radial basis functions (RBF) and Kriging models with
zeroth- and first-order trend models (KR0 and KR1), respectively,
used as different types of surrogate models. A brief overview of the
mathematical formulation of PRS, RBF KR0 and KR1 can be found
in Appendix B of Acar et al. [2].
he bold black dots in the plots show the training points.



Fig. 9. Constructed surrogate models for SEA prediction. The bold black dots in the plots show the training points.
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The constructed surrogate models for CFE prediction of the
tubes without cutouts are shown in Fig. 8, and the surrogate
models for SEA prediction of the tubes without cutouts are shown
in Fig. 9. Notice that RBF, KR0 and KR1 surrogate models pass
through all training points, while PRS2 does not. The surrogate
models generated for CFE and SEA predictions of the tubes with
lateral circular cutouts are not shown as the number of variables is
five.

5.3. Accuracies of the constructed surrogate models

The accuracies of the constructed surrogate models are eval-
uated based on normalized version of the leave-one-out
Table 4
Accuracies of different types of surrogate models constructed for CFE and SEA
predictions for the tubes without cutouts. The smallest error in each row is shown in
bold for ease of comparison.

PRS2 RBF KR0 KR1

Accuracies of surrogate models for CFE prediction
Normalized generalized mean square cross valida-
tion errors (%)

7.8 7.3 10.1 8.9

Accuracies of surrogate models for SEA prediction
Normalized generalized mean square cross valida-
tion errors (%)

6.1 8.2 8.8 5.5
generalized mean square cross validation error (GMSE). The nor-
malized GMSE is calculated as follows. If there are N training
points, a surrogate model type is constructed N times, each time
leaving out one of the training points. Then, the difference be-
tween the exact value of the response yk at the omitted training
point xk and the predicted value of the response using the sur-
rogate model is calculated. Finally, the normalized GMSE is calcu-
lated from

⎜ ⎟⎛
⎝

⎞
⎠

=
∑ − ^

− ( )

=
( )
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y y

y y 4
nor

N k
N k k1

1

2

max min
Table 5
Accuracies of different types of surrogate models constructed for CFE and SEA
predictions for the tubes with cutouts. The smallest error in each row is shown in
bold for ease of comparison.

PRS2 RBF KR0 KR1

Accuracies of surrogate models for CFE prediction
Normalized generalized mean square cross valida-
tion errors (%)

12.9 19.7 17.5 10.9

Accuracies of surrogate models for SEA prediction
Normalized generalized mean square cross valida-
tion errors (%)

17.9 25.4 22.5 14.5
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where ymax and ymin are the maximum and minimum values of the
response evaluated at the training points, respectively.

As noted earlier, the effects of the use of the lateral circular
cutouts are evaluate by comparing the energy absorption capacity
of the thin-walled tubes with lateral circular cutouts to those of
the tubes without cutouts. Therefore, separate sets of surrogate
models are constructed for the thin-walled tubes with and with-
out cutouts.

Accuracies of surrogate models constructed for CFE and SEA
predictions for the tubes without cutouts are given in Table 4. For
the surrogate models constructed to predict CFE, the most accu-
rate surrogate model is found to be the RBF model with 7.3%
normalized GMSE value. For surrogate models constructed to
predict SEA, however, the most accurate surrogate model is found
to be the KR1 model with 5.5% normalized GMSE value. Both of
these models have good levels of accuracy for a nonlinear crash
problem.

Accuracies of surrogate models constructed for CFE and SEA
predictions for the tubes with lateral circular cutouts are given in
Table 5. The most accurate surrogate model type for prediction of
both the CFE and the SEA is found to be the KR1 model. KR1 model
for CFE prediction has 10.9% normalized GMSE value, and the KR1
model for SEA prediction has 14.5% normalized GMSE value. Both
of these models have acceptable levels of accuracy for a nonlinear
crash problem.
Fig. 10. Surrogate-based approach
5.4. Surrogate-based optimization

Based on our earlier finding that the use of the most accurate
surrogate model in optimization does not necessarily lead to the
optimum solution [2], the optimizations of the tubes are per-
formed with different surrogate model types, multiple optimum
candidates are obtained, and the candidate with best performance
(i.e., the smallest objective function) is chosen to be the optimum
configuration. Finally, the surrogate model predictions at the op-
timum tube configurations are validated using LS-DYNA. Surro-
gate-based approach followed for optimization of the tubes is
depicted in Fig. 10.
6. Optimization results

In this section, first the optimization results for the thin-walled
tubes without cutouts are presented that provides a basis for
comparison for the optimization results for the thin-walled tubes
with cutouts. Then, the optimization results for the tubes with
lateral circular cutouts are presented and discussed. Finally, FEA of
the optimum designs are performed to validate the performances
of optimum designs obtained through surrogate-based optimiza-
tion approach.
for optimization of the tubes.



Table 6
Optimization results for the tubes without cutouts for maximum CFE. The maximum
CFE value obtained via FEA is shown in bold font.

Surrogate model t (mm) α (deg.) CFE via surrogate CFE via FEA

PRS 2.500 15.00 0.7336 0.6471
RBF 2.500 15.00 0.8439 0.6471
KR0 2.324 15.00 0.7335 0.6774
KR1 2.295 15.00 0.7154 0.6812

Table 7
Optimization results for the tubes without cutouts for maximum SEA. The maximum
SEA value obtained via FEA is shown in bold font.

Surrogate model t (mm) α (deg.) SEA via surrogate SEA via FEA

PRS 2.500 15.00 22.68 19.96
RBF 2.500 15.00 24.40 19.96
KR0 2.500 2.12 22.70 22.33
KR1 2.500 0.00 22.05 21.49

Table 9
Optimization results for the tubes with lateral circular cutouts for maximum CFE.
The maximum CFE value obtained via FEA is shown in bold font.

Surrogate
model

t (mm) α (deg.) D Nh Nv CFE via
surrogate

CFE via
FEA

PRS 3.500 15.00 5.00 2 5 0.9277 0.8679
RBF 3.500 15.00 5.00 2 1 0.9507 0.8659
KR0 3.257 13.67 9.50 4 2 0.7735 0.7198
KR1 3.500 14.35 9.22 4 1 0.7577 0.7710
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6.1. Thin-walled tubes without cutouts

First, optimization of the tubes without cutouts is performed
for maximum CFE using each surrogate model separately. Table 6
presents the optimum tube configurations, CFE predictions via
surrogate models, and the CFE values computed via FEA. The op-
timum candidate designs obtained through PRS and RBF models
are the same, whereas the other optimum candidate designs of the
other surrogate models are slightly different. It is observed that all
optimum candidates have the same taper angle of 15° (the upper
bound). The last column of Table 6 shows that KR1 model provides
the largest CFE (obtained via FEA) amongst the four optimum
candidates, even though the globally most accurate surrogate
model for CFE prediction is RBF (see Table 4). Note that the opti-
mum CFE value (CFE¼0.6812) is larger than the maximum CFE
value obtained at the training points (CFE¼0.6767, see Table 3). It
is found that the optimal wall thickness is 2.295 mm and the op-
timal taper angle is 15° for maximum CFE. The optimum CFE value
for the tubes without cutouts (CFE¼0.6812) will be compared to
the optimum CFE value of the tubes with lateral circular cutouts in
Section 6.2 to evaluate the effect of introducing cutouts on CFE of
the tubes.

Next, optimization of the tubes without cutouts for maximum
SEA is performed. Table 7 lists the optimum tube configurations,
SEA predictions via surrogate models, and the SEA values com-
puted via FEA. Similar to the observation for the CFE optimization,
the optimum candidate designs obtained through PRS and RBF
models are the same, whereas the other optimum candidate de-
signs are slightly different. It is observed that all optimum candi-
dates have the same wall thickness value of 2.5 mm (the upper
bound). The last column of Table 7 shows that KR0 model provides
the largest SEA (obtained via FEA) amongst the four optimum
candidates, even though the globally most accurate surrogate
model for SEA prediction is KR1 (see Table 4). Note that the
Table 8
Optimization results for the tubes without cutouts for maximum F (composite
objective function) with w¼0.5. The maximum F value obtained via FEA is shown in
bold font.

Surrogate
model

t (mm) α (deg.) F via
surrogate

F via FEA CFE via
FEA

SEA via
FEA

PRS 2.500 15.00 1.070 0.9425 0.6471 19.96
RBF 2.500 15.00 1.191 0.9425 0.6471 19.96
KR0 2.348 15.00 1.068 0.9446 0.6698 19.33
KR1 2.500 15.00 1.021 0.9425 0.6471 19.96
optimum SEA value (SEA¼22.33) is larger than the maximum SEA
value obtained at the training points (CFE¼21.49, see Table 3). It is
found that the optimal wall thickness is 2.5 mm and the optimal
taper angle is around 2° for maximum SEA. Comparing the opti-
mum tube configurations for maximum CFE and maximum SEA to
each other, it is observed that the taper angle reaches its upper
bound for maximum CFE and the wall thickness reaches its upper
bound for maximum SEA. The optimum SEA value for the tubes
without cutouts (SEA¼22.33) will be compared to the optimum
SEA value of the tubes with lateral circular cutouts in Section 6.2 to
evaluate the effect of introducing cutouts on SEA of the tubes.

Finally, the tubes are optimized for the composite objective
function (see Eq. (3)) that provides a compromise between the CFE
and SEA. The case when CFE and SEA are equally important is
considered, so the weight factor in Eq. (3) is taken as w¼0.5. The
values of CFE0 and SEA0 in Eq. (2) are taken as 0.6767 and 21.49,
respectively. The optimization results are provided in Table 8. It is
observed that the KR0 model yields the maximum composite
objective function (F) value. The taper angle reaches to its upper
bound, meaning that even though w¼0.5 is used in Eq. (3) CFE
dominates the behavior of F. Note also that the optimum F value
(F¼0.9446) is smaller than the maximum composite objective
function value obtained at the training points (F¼1, see Table 3).

6.2. Thin-walled tubes with lateral circular cutouts

First, optimization of the tubes with lateral circular cutouts is
performed for maximum CFE using each surrogate model sepa-
rately. Table 9 presents the optimum tube configurations, CFE
predictions via surrogate models, and the CFE values computed via
FEA. The optimum designs obtained through PRS and RBF models
are the same, whereas the other optimum candidate designs are
different. The last column of Table 9 shows that PRS model pro-
vides the largest CFE (obtained via FEA) amongst the four opti-
mum candidates, even though the globally most accurate surro-
gate model for CFE prediction is KR1 (see Table 5). Note that the
optimum CFE value (CFE¼0.8679) is larger than the maximum CFE
value obtained at the training points (CFE¼0.7427). Note also that
the optimum CFE value for the tubes with lateral circular cutouts
(CFE¼0.8679) is 27.4% larger than the optimum CFE value for the
tubes without cutouts (CFE¼0.6812).

It is found that the optimal wall thickness is 3.5 mm (the upper
bound) and the optimal taper angle is 15° (the upper bound) for
maximum CFE. The optimal cutout diameter is found to be 5 mm
Table 10
Optimization results for the tubes with lateral circular cutouts for maximum SEA.
The maximum SEA value obtained via FEA is shown in bold font.

Surrogate
model

t (mm) α (deg.) D Nh Nv SEA via
surrogate

SEA via
FEA

PRS 3.500 15.00 5.00 2 5 32.72 26.14
RBF 3.500 0.00 5.00 2 1 36.58 26.26
KR0 3.411 6.53 9.22 5 4 27.21 28.23
KR1 3.500 0.00 5.00 2 5 27.79 23.53



Table 11
Optimization results for the tubes with lateral circular cutouts for maximum F (composite objective function) with w¼0.5. The maximum F value obtained via FEA is shown in
bold font.

Surrogate model t (mm) α (deg.) D Nh Nv F via surrogate F via FEA CFE via FEA SEA via FEA

PRS 3.500 15.00 5.00 2 5 1.234 1.071 0.8679 26.14
RBF 3.500 0.00 5.00 2 1 1.205 0.827 0.5023 26.26
KR0 3.315 13.15 9.04 4 2 1.001 0.909 0.7017 23.41
KR1 3.500 15.00 5.00 2 5 1.007 1.071 0.8679 26.14
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(the lower bound) for maximum CFE. The optimal number of
cutouts in horizontal direction is found to be two (the lower
bound), and the optimal number of cutouts in vertical direction is
found to be five (the upper bound) for maximum CFE. That is,
placing low number of cutouts in horizontal direction and high
number of cutouts in vertical direction maximizes CFE.

Next, optimization of the tubes with lateral circular cutouts is
performed for maximum SEA. Table 10 presents the optimum tube
configurations, SEA predictions via surrogate models, and the SEA
values computed via FEA. The optimum designs obtained through
RBF and KR1 models are the same, whereas the other optimum
candidate designs are different. The last column of Table 10 shows
that KR0 model provides the largest SEA (obtained via FEA)
amongst the four optimum candidates, even though the globally
most accurate surrogate model for SEA prediction is KR1 (see Ta-
ble 5). Note that the optimum SEA value (SEA¼28.23) is larger
than the maximum SEA value obtained at the training points
(CFE¼6.84). Note also that the optimum SEA value for the tubes
with lateral circular cutouts (SEA¼28.23) is 26.4% larger than the
optimum SEA value for the tubes without cutouts (SEA¼22.33).

It is found that the optimal wall thickness is 3.411 mm and the
optimal taper angle is around 9° for maximum SEA. The optimal
cutout diameter is found to be 9.22 mm for maximum SEA (recall
that the cutout diameter reached its lower bound for maximum
CFE). The optimal number of cutouts in horizontal direction is
found to be five, and the optimal number of cutouts in vertical
direction is found to be four for maximum SEA. It is observed for
the optimum SEA design that the wall thickness is slightly re-
duced, the taper angle is significantly reduced, the cutout diameter
is significantly increased, the number of cutouts in horizontal di-
rection is increased, and the number of cutouts in vertical direc-
tion is slightly reduced compared to the optimum CFE design.

Finally, optimization of the tubes with lateral circular cutouts is
performed for maximum composite objective function with
w¼0.5 (i.e., the case when CFE and SEA are equally important is
considered). The values of CFE0 and SEA0 in Eq. (2) are taken as
0.7427 and 26.84, respectively. The optimization results are given
in Table 11, which shows that the PRS and KR1 models result in the
same optimum design and yield the maximum composite objec-
tive function (F) value. It is observed that the optimum design that
maximizes F is the same design that maximizes CFE. That is, even
though w¼0.5 is used in composite objective function, CFE dom-
inates the behavior of F. Note also that the optimum F value
(F¼1.071) is larger than the maximum composite objective func-
tion value obtained at the training points (F¼0.981).
7. Conclusion

In this paper, the effects of introducing lateral circular cutouts
on the crash performances of tapered thin-walled tubes were
explored within a simulation-driven surrogate-based optimization
approach. The specific energy absorption, SEA, and crush force
efficiency, CFE, of the tubes were maximized using surrogate
models. The design variables were selected as the wall thickness,
the taper angle, the cutout diameter and the numbers of cutouts in
horizontal and vertical directions In addition, multi-objective op-
timization of the tubes was performed by maximizing a composite
objective function that provides a compromise between CFE and
SEA. Based on the results obtained in this study, the following
conclusions were drawn:

� The optimum CFE of the tubes with lateral circular cutouts was
27.4% larger than the optimum CFE of the tubes without cutouts.

� The optimum SEA of the tubes with lateral circular cutouts was
26.4% larger than the optimum SEA of the tubes without cutouts.

� Placing low number of cutouts in horizontal direction and high
number of cutouts in vertical direction maximizes CFE.

� The optimum SEA design had slightly reduced wall thickness,
significantly smaller taper angle, substantially larger cutout
diameter, more cutouts in horizontal direction and less cutouts
in vertical direction compared to the optimum CFE design.

� Multi-objective optimization based on the use of composite
objective function that provides a compromise between CFE
and SEA showed that the CFE dominates the behavior of com-
posite objective function.

� For the tubes without cutouts, KR1 model provided the opti-
mum CFE design even though the globally most accurate sur-
rogate model for CFE prediction was RBF. Similarly, KR0 model
provided the optimum SEA design, even though the globally
most accurate surrogate model for SEA prediction was KR1.

� For the tubes with cutouts, PRS model provided the optimum
CFE, even though the globally most accurate surrogate model
for CFE prediction was KR1. Similarly, KR0 model provided the
optimum SEA, even though the globally most accurate surrogate
model for SEA prediction was KR1.

� The last two conclusions were in line with our earlier finding
that the globally most accurate surrogate model does not ne-
cessarily lead to the optimum. Therefore, the best strategy in
surrogate-based optimization approach is to construct as many
surrogate models as possible, perform optimization by using
these surrogate models to generate several candidates for op-
timum design, and finally, amongst the several candidates, the
candidate that displays the best performance in terms of the
responses of interest is selected as the optimum design.
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