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Abstract
Many automobile companies are actively exploring the use of high-strength dual-phase steels as an alternative to alumi-
num and magnesium alloys owing to their light weight, low cost and durability. However, dual-phase steels have a ten-
dency to springback more than other structural steels in a forming operation owing to their high tensile strength. In
addition, variations in manufacturing process parameters and material properties cause springback variation over differ-
ent manufactured parts. Therefore, it is an important task to reduce the magnitude of springback, as well as its variation
within, to produce robust and cost-effective parts. This article investigates minimization of the magnitude and variation
of springback of DP600 steels in U-channel forming within a robust optimization framework. The computational cost
was reduced by utilizing metamodels for prediction of the springback and its variation during optimization. Three differ-
ent allowable sheet thinning levels were considered in solving the robust optimization problem, and it was found that, as
the allowable thinning increased, the die radius decreased, thereby the magnitude and variation of springback reduced.
A simple sensitivity analysis was performed and the yield stress was found to be the most important random variable.
Finally, a double-loop Monte Carlo simulation method was proposed to calculate part-to-part and batch-to-batch spring-
back variations. It was found that, as the batch-to-batch variation of yield stress increased, the batch-to-batch springback
variation increased, while the part-to-part springback variation remained unchanged.
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Introduction

Springback can be defined as the deviation of the manu-
factured geometry from the designed geometry, and it is
one of the most important problems observed during the
sheet metal forming process. The high strength of dual-
phase steels leads to more springback than those of the
traditional steels. Moreover, variations of the manufac-
turing process parameters and material properties lead to
springback variation over different manufactured parts.
Reducing the variation of springback is as important as
reducing the magnitude of springback, because it limits
the application of springback prediction and compensa-
tion techniques.1,2 Therefore, it is an important task to
reduce the magnitude of springback, as well as its varia-
tion within, to produce robust and cost-effective parts.

There are numerous studies in literature that only
focus on the reduction of the magnitude of springback.
Gomes et al.3 and Zhang and Lee4 showed that an

efficient springback magnitude reduction can be
achieved by first determining the most influential pro-
cess parameters, and then performing the required
actions. Liu5 introduced the effect of a restraining force
on shape deviation to minimize the springback.
Karafillis and Boyce6 developed a methodology for
tool and binder design based on inverse springback cal-
culations. This proposed method gives rapid results for
simple geometries, but complex geometries may require
long-term iterations. Even though these studies provide
insights, they did not consider springback variation.
However, accurate determination of the uncertainties
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in material properties and forming process parameters
provides more reliable results and improves the final
product quality, hence a robust optimization study is
required.

Hilditch et al.7 investigated the effect of yielding
behavior on side wall curl and springback of DP600
and transformation induced plasticity (TRIP) steels.
They examined the effect of back tension and strain
aging. Wang et al.8 performed experimental and numer-
ical studies in order to investigate the effect of tooling
parameters on the anticlastic curvature that occurred
during the sheet metal forming operations. They
observed that increase, both in the tension and tool
radius, decreases the amount of springback, however, a
larger tool radius has less significant effect. Carden
et al.9 investigated the effect of friction coefficient and
ratio of die radius to sheet thickness (R/t) on the spring-
back behavior for high-strength low alloy (HSLA),
deep-quality special killed (DQSK) steels and 6022T4
aluminum alloy. They showed that friction has a minor
effect on springback, contrary to some other literature
studies, such as Hino et al.10 However, a very low coef-
ficient of friction results in an increasing amount of
springback for aluminum. They also observed that
increasing R/t ratio decreases the springback.

A robust optimization study is conducted to achieve
maximum average performance with minimum varia-
tion in the presence of uncontrollable uncertainties. In
literature, there exists simulation based,11,12 as well as
experimental13 robust optimization studies. Robust
optimization requires performing uncertainty analysis14

and Monte Carlo simulations (MCS) are usually per-
formed for that purpose.15

The aim of robust springback optimization is to
obtain minimum average springback with minimum
variation. Wang et al.2 investigated a systematic and
robust approach, gathering the finite element method
(FEM) and stochastic statistics to decrease the sensitiv-
ity of high-strength steels (HSS) stamping in the pres-
ence of uncertainties. A study by de Souza and Rolfe16

examined a probabilistic analytical model, where the
variation of five input parameters and their relation-
ship to the springback were investigated. Zhang and
Shivpuri17 studied the reliability of optimum variable
blank holder force (BHF) in the presence of process
uncertainties by minimizing the magnitude of
wrinkling and fracture defects under probabilistic
constraints. Mullerschon et al.18 considered the
uncertainties in the manufacturing processes of metal
forming to estimate the random variations with the
aid of finite element simulations. Lönn et al.19 pre-
sented an alternative approach to robust optimiza-
tion, where the robustness of each design was
examined through multiple sampling of the stochastic
variables at each design point. Du et al.20 studied the
robustness and robust mechanism synthesis when
random and interval variables are involved. Harlow21

investigated the effect of variability in material prop-
erties on springback, where only within-batch

variability is considered. In addition, no variability,
other than the variability in material properties, was
considered in that study. Similarly, Gantar and
Kuzman22 presented an approach that integrated the
response surface methodology and MCSs. The latest,
and most comprehensive, study on this subject was pro-
posed by Chen and Kocx,1 which analyzed the effect of
material properties and some process parameters (sheet
thickness, BHF and friction coefficient) variation on
springback. All these mentioned studies have considered
only part-to-part or within-batch variations while leav-
ing the batch-to-batch variation out of analysis owing
to the difficulty of traveling batch-to-batch variability
with part-to-part and within-batch variability in a same
loop. However, Majeske and Hammett23 showed that
batch-to-batch variations cannot be neglected at all.
The main contribution of this article is that the batch-
to-batch and part-to-part springback variation is tra-
veled simultaneously using a double-loop strategy.

In this article, robust optimization of U-channel
forming is performed by considering the three different
sheet thinning levels. Then, the double loop is per-
formed to calculate the part-to-part and batch-to-batch
springback variations.

Springback analysis

The FEM is the most popular method for springback
calculation. A fine mesh grid, right element type and
size are required for a proper implementation of the
FEM. At the same time, contact definition, solution
algorithm and convergence criterion have crucial effects
on the results.24–27 The FEM is widely used when the
problem is complex,28–32 however, since the FEM is
time consuming, its direct integration to a robust-
optimization study is computationally prohibitive.

For simple problems, as in the case of this study,
analytical methods are preferred for both their compu-
tational advantage and easy coupling to a robust opti-
mization study. In this article, an analytical model
proposed by Dongjuan et al.33 is used to predict the
sheet springback of U-channel forming (Figure 1). This
model is based on Hill48 yielding criterion34 and a
plane strain condition, and takes the effects of sheet
thinning and thickness, hardening coefficient, blank
holding force, coefficient of friction and anisotropy
into account.

The following assumptions are applied by Dongjuan
et al.33 in the sheet stretch-bending process (Figure 2).

1. F (the stretching force per unit width) is assumed
to remain constant throughout the thickness. It
leads to sheet thinning.

2. Straight lines and neutral surface are orthogonal
during the stretch–bending process.

3. ez is zero while the thickness/width ratio is small.
4. Volume is constant during the stretch–bending

process.
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The following formula gives the amount of final
sheet thickness at the end of U-channel forming process

t=
Rn

Rm
t0 =

ffiffiffiffiffiffiffiffiffiffi
RiRo

p

(Ri +Ro)=2
to =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri(Ri + t)

p
(Ri +(Ri + t))=2

to

ð1Þ

where t is the final sheet thickness in mm and Ri is the
die radius in mm. The following formulas can be used
to determine the bending radius of the outer surface
(i.e. Ro), middle surface (i.e. Rm), and neutral surface
(i.e. Rn), respectively.

Ro =Ri + t ð2Þ
Rn =

ffiffiffiffiffiffiffiffiffiffi
RiRo

p
ð3Þ

Rm =(Ri +Ro)=2 ð4Þ

The anisotropy coefficient (f) can be formulated as

f=
1+Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+2R
p ð5Þ

where R is the normal isotropy.
The half thickness of the elastic region (c) is

c=
f�ssRn

E1
ð6Þ

E1 =
E

1� n2
ð7Þ

where �ss is the yield stress, E is the modulus of elasti-
city and E1 is the modulus of elasticity under plane
strain conditions. Elastic deformation can be
observed at the region of 6c distance away from the
middle surface. smu is equal to the stress caused by
stretching force F

smu = fk e0 + f ln
Rm

Rn

� �n

Rn + c4Rm4R0 ð8Þ

where k is the hardening coefficient and n is the hard-
ening exponent. The bending moment (M) can be cal-
culated as

M= b

ðRn�c

Rm�t=2

�fk e0 � f ln
r

Rn

� �� �n
� smu

� �
r� Rmð Þdr

+ b

ðRn + c

Rn�c

E

1� n2
ln

r

Rn

� �
� smu

� �
r� Rmð Þdr

+ b

ðRm + t=2

Rn + c

fk e0 + f ln
r

Rn

� �� �n
� smu

� �
r� Rmð Þdr

ð9Þ

During the reverse bending process the change of bend-
ing moment (DM) can be formulated as

DM=

ðRo

Rn + c

�fk e0 + f ln
r

Rn

� �
� 2�elim

� �n
�f�ss�s9mu

� �
(r� Rm)dr

+

ðRn�c

Ri

fk e0 � f ln
r

Rn

� �
� 2elim

� �n

+ss � s9muÞ
� �

(r� Rm)dr

+

ðRn + c

Rn�c

�E1
r� Rn

Rn

� �
� s9mu

� �
(r� Rm)dr

ð10Þ

In the U-channel forming process, the blank is sub-
jected to cyclic loading. Therefore, Bauschinger’s
effect35 should be taken into consideration. For this
purpose, the stress state during unloading was described

Figure 2. The strain distribution in sheet stretch-bending,33 where Ln is the length of neutral surface and Lm is the arc length of
sheet middle surface. Source: reprinted with permission from Elsevier.33

Figure 1. The free body diagram in the U-channel sheet
forming process. Source: reprinted with permission from
Elsevier.33
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using the kinematic hardening model.36 s9u is the tan-
gential stress after unloading

s9uj j=

E1 ln r
Rn

			 			 Rn � c4r4Rn + c

fk e0 + f ln r
Rn

			 			� 2�elim

 �n

+ f�ss Ri4r4Rn � corRn + c4r4Ro

8<
:

ð11Þ

s9mu is the stress in the sheet middle surface after
reverse stretch bending

s9mu =smu � fk e0 + f ln
r

Rn

� �
� 2elim

� �n
� f�ss ð12Þ

After the bending moment is calculated, the springback
can be calculated from

Du=
Ð u

0
M fð Þ
E1I

Rndf; M fð Þ=M+DM ð13Þ

Dusw =
MbL
E1I

; ð14Þ

where Du is the angular change during springback
regions II and IV, Dusw is the angular change during
springback in region III, (I=t3/12) is the inertia moment
of the cross-section per unit width, Mb is defined in Fig.
1(c) and L is length of sidewall. Therefore, the acute
angle of the final geometry can be calculated as

u=900 +Du� (Dusw=2) ð15Þ

The difference between the desired bending angle and
the final angle is

Dusb =908 � u ð16Þ

where Dusb is the springback value.

Definition of the robust optimization problem

For this simple problem, there is a single design vari-
able: the die radius, Rd. The robust optimization prob-
lem can be formulated as

findRd ð17aÞ

min:w1
mDu(Rd)

mDu(Rd =(Rd)nom)
+w2

sDu(Rd)

sDu(Rd =(Rd)nom)

ð17bÞ

s:t:Pr
Dt(Rd)

t0
4

Dtspec
t0

� �
50:99 ð17cÞ

In equation (17), both the mean and the standard devia-
tion of springback (mDu and sDu) were minimized. The
weighting factors w1 and w2 were chosen based on the
importance of reducing the mean and the standard
deviation of springback and also satisfy w1 + w2=1.
For example, if minimizing the mean value of spring-
back is more important than minimizing the standard
deviation, the weighting factors are selected as w1 . w2.
(Rd)nom is the nominal value for die radii. Depending
on the sheet thinning constraint, the value of (Rd)nom
was taken as 0.85, 0.54 and 0.37, corresponding to 5%,

10% and 15% sheet thinning, respectively. Since the
problem of interest was formulated in terms of a single
design variable and sheet thinning, and springback val-
ues compute with each other in a U-channel stamping
problem, the constraint in equation (17) was always
active. In this case, the Rd value obtained from the
constraint function became the solution of the robust
optimization problem regardless of the value of the
objective function.

In this study, the reliability level was set to 99% for
the probabilistic constraint (see equation 17c). This
means that only a single profile out of 100 produced U-
profiles was allowed to have a sheet thinning value
above the prespecified allowable value. In this study,
the allowable sheet thinning values of 5%, 10% and
15% were used, and the effect of this allowable value
on the optimum solution was explored. The sheet thin-
ning was assumed to follow the normal distribution.
Hence, the Rd value that ensures the mentioned 99%
reliability constraint can be obtained using equation
(18). To calculate Rd, the mean and standard deviation
values of sheet thinning (mDt and sDt) depending on Rd

must be known. In this study, metamodels were con-
structed to relate mDt and sDt values to Rd. After meta-
models were constructed, the value of Rd, satisfying
equation (17c), can easily be calculated. Note that in
equation (18) the 99% reliability value corresponded to
z=2.326

mDt(Rd)
t0
� Dtspec

t0
sDt(Rd)

t0

= z (z=2:326) f(z)=0:99) ð18Þ

Double-loop MCS to analyze part-to-part
and batch-to-batch springback variation

In this study, springback variation was classified into
two components: part-to-part and batch-to-batch varia-
tion. Part-to-part variation is the variability of a prop-
erty (e.g. sheet thickness) between different parts that
are produced using the same material batch. The batch-
to-batch variation, on the other hand, represents the
variability of a property between different material
batches.

Consider the U-channel stamping operation per-
formed by a company. The company obtains the
batches of sheet metals from Nb different manufactur-
ers. The characteristic material properties, as well as
geometric properties for each batch, may change from
one to that of another. Similarly, for sheet metals from
a specified manufacturer (that is, for a specific batch),
Np number of parts are assumed to be produced. For a
specific batch, the material or geometric properties may
change from a produced part to another. To observe
the effect of these changes on springback, the use of a
double-loop MCS is proposed that considers different
batches and different parts. The double-loop MCS
code was composed of two loops, where the inner loop
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simulates Np number of different parts and the outer
loop simulates Nb number of different batches (Figure
3). Overall, a total sample of size Nb3Np was gener-
ated and batch-to-batch and part-to-part springback
variation were computed.

For the problem of interest, there exists five random
variables to be considered: (a) sY, yield stress, (b) K,
hardening coefficient, (c) R, normal anisotropy, (d) n,
hardening exponent, and (e) t, sheet thickness. To sim-
plify the analysis in the double-loop MCS, first the
most influential random variable was determined, and
then the effect of the batch-to-batch and part-to-part
variation of the most influential variable on the batch-
to-batch and part-to-part variation of the springback
was explored. This was achieved by assigning variabil-
ity to the standard deviation of the most influential
variable as discussed in the next sections.

Results and discussions

In this section, first the robust optimization problem
defined in equation (17) was solved for three different
allowable sheet thinning values. The effects of the
allowable sheet thinning value on the optimization
results were explored. Next, the deterministic variant of
equation (17) was solved and the results were compared
with those of the robust optimization. The advantages
of robust optimization over deterministic optimization
were investigated. Then, a simple sensitivity analysis
was performed to determine the most influential ran-
dom variable. This information can be very useful for a
company manager to decide how to allocate the com-
pany resources on reducing uncertainties. Finally, the

double loop MCS strategy was applied to the problem
of interest, and part-to-part and batch-to-batch spring-
back variations were evaluated owing to the part-
to-part and batch-to-batch variation of the most
influential variable.

Solution of the robust optimization problem for three
different allowable sheet thinning levels

Determination of Rd value for 5% sheet thinning
constrain. To determine the Rd value that ensures 5%
sheet thinning with 99% reliability, first metamodels
were constructed for mean and standard deviation of
sheet thinning in terms of Rd. To construct a metamo-
del, first an interval of Rd was determined and then
MCS was performed to calculate mean and standard
deviation values of springback and sheet thinning.
Finally, metamodels were constructed between Rd val-
ues with obtained mean and standard deviation values.
As shown in Table 1, seven Rd values were chosen
within the range 0.7–1.0mm, and mean and standard
deviation values of springback and sheet thinning were
calculated by the MCS. After the metamodels were
constructed, the Rd value leading to 5% sheet thinning
and the corresponding springback values can easily be
assessed.

Several different types of metamodels exist in litera-
ture; polynomial response surface,37–39 radial-basis
functions (RBFs),39 Kriging,40–41 artificial neural net-
works,42–43 etc. For brief descriptions of these metamo-
dels, the reader should refer to Acar and Rais-Rohani44

and Acar et al.45 For the data in Table 1, a second-
order polynomial response surface (PRS2), RBFs and
Kriging (zeroth-order trend model, KR0 and first-order

Figure 3. Double-loop MCS model.
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trend model, KR1) metamodel types were constructed.
Accuracy of the constructed metamodels was evaluated
by using leave-one-out cross-validation errors com-
puted at the data points. To compute the leave-one-out
cross-validation error, metamodels were constructed N
times (where N is the number of data points), each time
leaving out one of the data points. The difference
between the exact response at the omitted point and
that predicted by each variant metamodel defines the
cross-validation error. After this procedure was applied
to all data points, the root mean square error (RMSE),
mean absolute error (MAE) and maximum absolute
error (MAXE) of cross-validation errors were calcu-
lated and the results listed in Tables 2 and 3.

Accuracy evaluation of constructed metamodels for
the mean and standard deviation of springback was
presented in Table 2. PRS2 was found to be the most
accurate metamodel type for the mean value of

springback, and KR1 for its standard deviation. For
standard deviation, the second most accurate model
was found to be PRS2. Both construction and interpre-
tation (mathematical expression is easier and straight-
forward) of PRS2 models are easier than the other
metamodel types. Hence, PRS2 was used for both
mean and standard deviation values of springback. The
constructed metamodels were found to be accurate
when the error metrics presented in Table 2 were com-
pared with the values presented in Table 1. The con-
structed PRS2 models were shown in Figure 4(a) and
(b), and their mathematical formulation is given in
Appendix 2. The high R2 values also confirmed the
accuracy of PRS2.

Accuracy of constructed metamodels for mean and
standard deviation values of sheet thinning are given in
Table 3. The RBF was found to be the most accurate
metamodel type for the mean value of sheet thinning,

Table 1. MCS (10,000 samples) results for Rd values within the range 0.7–1.0 mm.

No. Rd (mm) Springback (�) Sheet thinning (%)

Avg Std CV Avg Std CV

1 0.7 2.326 0.105 0.045 6.278 0.080 0.013
2 0.75 2.349 0.108 0.046 5.759 0.075 0.013
3 0.8 2.362 0.111 0.047 5.304 0.070 0.013
4 0.85 2.383 0.112 0.047 4.899 0.067 0.014
5 0.9 2.404 0.115 0.048 4.539 0.063 0.014
6 0.95 2.422 0.118 0.049 4.218 0.060 0.014
7 1 2.448 0.120 0.049 3.930 0.056 0.014

Avg: average; Std: standard deviation; CV: coefficient of variation.

Table 2. Accuracy evaluation via the cross-validation error of metamodels constructed for mean and standard deviation values of
springback.

Metamodel type Mean value of springback Standard deviation of springback

RMSE MAE MAXE RMSE MAE MAXE

PRS2 0.0024 0.0017 0.0048 0.0003 0.0003 0.0006
RBF 0.0053 0.0035 0.0105 0.0048 0.0032 0.0088
KR0 0.0046 0.0027 0.0115 0.0013 0.0010 0.0029
KR1 0.0031 0.0024 0.0060 0.0002 0.0002 0.0005

Bold font represents the smallest error metric.

RMSE: root mean square error; MAE: mean absolute error; MAXE: maximum absolute error.

Table 3. Accuracy evaluation via the cross-validation error of metamodels constructed for mean and standard deviation values of
sheet thinning.

Metamodel type Mean value of sheet thinning Standard deviation of sheet thinning

RMSE MAE MAXE RMSE MAE MAXE

PRS2 0.0175 0.0140 0.0313 0.0003 0.0002 0.0005
RBF 0.0138 0.0092 0.0257 0.0037 0.0025 0.0068
KR0 0.0139 0.0093 0.0294 0.0013 0.0011 0.0011
KR1 0.0186 0.0126 0.0388 0.0008 0.0006 0.0017

Bold font represents the smallest error metric.

RMSE: root mean square error; MAE: mean absolute error; MAXE: maximum absolute error.
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and PRS2 for its standard deviation. The third most
accurate model was PRS2 among the four constructed
metamodel types for standard deviation. As noted ear-
lier, both creation and interpretation of PRS2 models
are easier than the other metamodel types. Hence,
PRS2 was decided to be used for both mean and stan-
dard deviation values of sheet thinning. In addition,
constructed metamodels were found to be considerably
accurate when error metrics presented in Table 3 are
compared with the presented values in Table 1.
The constructed PRS2 models were presented in

Figures 5(a) and (b). The high R2 values (see Appendix
2) also indicate the high accuracy of PRS2.

In Figure 5(a) and (b), the equations of constructed
PRS2 metamodels are also shown. These PRS2 equa-
tions were used in the robust optimization constraint
equation (that is, equation (18)). The optimum Rd value
was calculated as 0.96mm, which ensured the 5% sheet
thinning value with 99% reliability. For this calculated
radius value, the mean value of sheet thinning was cal-
culated as approximately 4.15%. When the MCS (with
10,000 samples) was performed for Rd=0.96mm, the

Figure 4. The metamodel constructed for (a) the mean value, and (b) the standard deviation of springback in terms of the die
radius between 0.7 mm and 1.0 mm.

Figure 5. The metamodel constructed for (a) the mean value, and (b) the standard deviation of sheet thinning in terms of the die
radius between 0.7 mm and 1.0 mm.
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mean value of sheet thinning was calculated approxi-
mately as 4.16%. It was another indication that the
results obtained from the PRS2 were quite accurate.

Determination of Rd value for 10% sheet thinning
constraint. Similar to study for 5% sheet thinning, new
PRS2 models were constructed to determine Rd, which
ensured the 10% sheet thinning value safely. Seven dif-
ferent values were determined for die radius Rd within
the range 0.48–0.6mm. With the guidance of the study
for 5% sheet thinning, PRS2 models were constructed
for all responses. The constructed PRS models are
given in Appendix 2. The graphical depictions of the
PRS models were not provided owing to space
limitations.

The optimum Rd value was calculated as 0.56mm,
which ensured the 10% sheet thinning value with 99%
reliability. For this calculated radius value, the mean
value of sheet thinning was calculated as approximately
8.18%. When the MCS (with 10,000 samples) was per-
formed for Rd=0.56mm, the mean value of sheet thin-
ning was calculated as approximately 8.18%. It showed
that the results obtained from PRS2 were quite
accurate.

Determination of Rd value for 15% sheet thinning
constraint. Next, new PRS2 models were constructed to
determine Rd, which ensures the 15% sheet thinning
value safely. Seven different values were determined for
die radius Rd within the range 0.31–0.43mm. Once
again, PRS2 models were constructed for all responses.
The constructed models were given in Appendix 2. The
graphical depictions of the PRS models were not pro-
vided once more owing to space limitations.

The optimum Rd value that ensured the 15% sheet
thinning value with 99% reliability was calculated as
0.38mm. For this calculated radius value, the mean
value of sheet thinning was calculated as approximately

12.27%. When the MCS (with 10,000 samples) is per-
formed for Rd=0.38mm, the mean value of sheet thin-
ning was calculated as approximately 12.28%.

Table 4 shows the optimization results for three dif-
ferent allowable thinning levels. It is seen from Table 4
that, as the allowable thinning level increases, the opti-
mum die radii reduces, thereby the magnitude as well
as the variation of the springback decreases. Notice
that the variation was represented by using the coeffi-
cient of variation, which is the standard deviation over
the mean value.

Comparison of the results of deterministic and
robust optimization

To emphasize the advantages of robust optimization
over deterministic optimization, a deterministic variant
of equation (17) was solved, where all the random vari-
ables took their mean values. The comparison of the
results of robust optimization to those of the determi-
nistic optimization was presented in Table 5. It was seen
that the reliability of sheet thinning being smaller than
the allowable value was around 50% (as expected). It
means that there is about a 50% chance that the sheet
thinning value will be smaller than the allowable value.
For the case of robust optimization, on the other hand,
the reliability of sheet thinning being smaller than the
allowable value is 99% (a pre-specified value). The
robust optimum Rd values were found to be larger than
the deterministic optimum Rd values. Therefore, the
springback values corresponding to the robust opti-
mum were slightly larger than those of the deterministic
optimum. That is, to maintain the reliability of sheet
thinning being smaller than a certain value, it was
required to settle for slightly larger springback values.

Table 4. The change of die radii, as well as the magnitude and variation of springback and sheet thinning, with respect to the
allowable thinning level.

Allowable thinning level (%) Die radii (mm) Springback (�) Sheet thinning (%)

Mean COV Mean COV

5 0.96 2.427 0.049 4.160 0.014
10 0.56 2.282 0.043 8.177 0.012
15 0.38 2.250 0.040 12.282 0.010

COV: coefficient of variation.

Table 5. Comparison of the results of deterministic and robust optimization.

Dt (%) Deterministic optimization Robust optimization

Rd (mm) Prob. (%) Du (�) Rd (mm) Prob. (%) Du (�)

5 0.83 50.9 2.36 0.96 99.0 2.42
10 0.47 53.6 2.25 0.56 99.0 2.28
15 0.31 57.5 2.24 0.38 99.0 2.25
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The sensitivity analysis to determine the most
influential random variable

A simple sensitivity analysis was performed to deter-
mine the most influential random variable. The influ-
ence of each random variable was evaluated through
the following procedure.

1. The value of the random variable of interest was
set to m-3s and m+3s, respectively, while keeping
the other random variables at their mean values.

2. The springback values corresponding to these two
settings were calculated.

3. The difference between the springback values is a
measure of the influence of that random variable.

For each variable, m-3s and m+3s values are pro-
vided in Table 6.

The computed springback results are listed in Table
7. When all the random variables take their mean val-
ues, the springback was calculated as um=2.42�.
The second column in Table 7 shows the springback
results when the random variable of interest takes its
own m-3s value and the others take their mean values.
For example, when yield stress was sY=m-
3s =295.87MPa and the other random variables take
their mean values, springback was calculated as
u=2.09�. Similarly, the third column in Table 7 shows
the springback results when a random variable of inter-
est takes the value of m+3s while the other random
variables take their mean values. The fourth column in

Table 7 shows the difference between second and third
columns. The fifth column shows the normalized values
of the fourth column. As seen from the fifth column in
Table 7, the yield stress was found to be the most influ-
ential random variable.

Application of double loop MCS

A robust springback optimization study requires calcu-
lation of the springback variation, and this variation
can be divided into three categories.23

1. Part-to-part variation.
2. Within-batch variation.
3. Batch-to-batch variation.

The part-to-part variation is the amount of variation
between parts produced in the same production pro-
cess. The within-batch variation is the amount of varia-
tion between parts produced from the same batch. The
batch-to-batch variation represents the variability from
one batch to another.

In this section, the simulation of batch-to-batch
variability of the most influential random variable sY is
explained. It maybe assumed that the mean values of
the yield stress for all batches are the same and equal to
the target value specified by the company. So the mean
value (m) of sY was set to sY=m>=389.3MPa for
every supplier. However, the standard deviation (s) of
yield stress for each batch is taken to be different for
each supplier as each material supplier may have a dif-
ferent quality control practice. The standard deviation
of yield stress was assumed to be uniformly distributed
among different suppliers. The lower and the upper
bound for the standard deviation of the yield stress was
computed from sL

b = �sb � bb and sU
b = �sb + bb,

respectively, where bb is named as the bound-of-batch
value. To explore the effect of batch-to-batch variation,
six different bounds of batch values (bb) were consid-
ered, as listed in Table 8.

Table 7. Effects of random variables on springback um = 2.42�.

Variable um-3s (�) um + 3s (�) um + 3s � um = 3s

		 		 (�) Normalized effects

sY 2.09 2.75 0.66 68.1
K 2.38 2.46 0.08 8.3
R 2.38 2.47 0.09 9.2
n 2.43 2.41 0.02 2.1
t 2.48 2.36 0.12 12.3

Table 8. Distribution parameters for part-to-part and batch-to-batch variations.

Part-to-part Batch-to-batch

m s msb
(bb)1 (bb)2 (bb)3 (bb)4 (bb)5 (bb)6

389.3 31.1 31.1 0 5 10 15 20 25

Values are in MPa.

Table 6. m-3s and m + 3s values of random variables.

m-3s m m + 3s

sY (MPa) 295.87 389.30 482.73
K (MPa) 1023.76 1060.49 1097.23
R 1.03 1.135 1.24
n 0.2004 0.2054 0.2104
t (mm) 0.77 0.8 0.83
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Part-to-part and batch-to-batch springback variation
evaluation

To examine the part-to-part and batch-to-batch spring-
back variation, the following method was applied to a
1003 100 matrix (size of parts 3 size of batches), which
contains the springback results obtained from the
MCS. To determine the part-to-part variation, first the
standard deviations of each column was calculated
(spi), and then the mean value of standard deviations of
all columns was calculated (mean(spi)). This calculated
value is equal to part-to-part variation. To determine
batch-to-batch variation, first the standard deviations
of each row was calculated (sbi ), then the mean value of
the standard deviations of all rows was calculated
(mean(sbi)). This calculated value is equal to the batch-
to-batch variation.

Each column has a different standard deviation of
yield stress. This standard deviation was drawn from a
uniform distribution using the specific bound-of-batch
and mean values. So, standard deviation of yield stress
changes from its lower bound to upper bound progres-
sing from left to right in the 1003 100 matrix. Also,
each row represents a different yield stress value. From
the first to last row, random numbers were drawn from
the normal distribution. From top to bottom, the
cumulative distribution function was changed from
zero to one to draw the random values. To assign real
values to the yield stress, the cumulative distribution
function (CDF) value was taken as 1024 instead of 0,
and 1–1024 instead of 1. Therefore, the columns of the
1003 100 matrix represent different batches, while the
rows of the matrix represent different parts.

As shown in Figure 6, the batch-to-batch
variation can be found by calculating the mean value
of each row’s standard deviation value (mean(sb1 ,
sb2 ,sb3 . . . sbNb

)). Similarly, the part-to-part variation
can be determined by calculating the mean value of
each column’s standard deviation value (mean(sp1 ,
sp2 ,sp3 . . . spNp

)). Note that for a fixed yield stress
value, the calculation of standard deviation between
columns gives the batch-to-batch springback behavior.
Similarly, for a fixed standard deviation value of yield

stress the calculation of standard deviation between
rows gives the part-to-part springback behavior.

The results obtained from the double-loop analysis
are depicted in Figure 7. It was seen that if the bound-
of-batch value of yield stress increases, the ratio of
batch-to-batch springback variation to part-to-part
variation increases as expected.

Conclusion

In this study, the magnitude, as well as the variation
the springback of U-profile sheets made of DP600 dual
phase steels, were minimized using a robust optimiza-
tion methodology. An analytical model was used to pre-
dict the sheet springback. The robust optimization
problem was formulated to minimize the mean and the
standard deviation of springback subject to a probabil-
istic constraint on sheet thinning. The mean and the
standard deviation values of springback, as well as sheet
thinning, were computed through MCSs. To reduce the
computational burden, metamodels were constructed
for the prediction of mean and standard deviation of
springback as well as sheet thinning. From the obtained
results, the following conclusions were drawn:

� Four different types of metamodels were utilized,
namely PRS2, RBF and Kriging (KR0 and KR1).
PRS2 was found to be the most accurate metamo-
del type for mean value of springback and its stan-
dard deviation.

� Three different sheet thinning levels were consid-
ered and it is found that as the allowable thinning
level increases, the optimum die radius (Rd) value
decreases, thereby the magnitude and variation of
springback reduces.

� In addition, the deterministic variant of the robust
optimization problem was also solved. The robust
optimum Rd values were found to be larger than
the deterministic optimum Rd values. Therefore,
the springback values corresponding to the robust
optimum were obtained slightly larger than those
of the deterministic optimum. That is, maintaining
the reliability of sheet thinning to be smaller than a

Figure 6. Determination of the batch-to-batch and part-to-
part variation from the 100 3 100 matrix.

Figure 7. The variation of standard deviation of springback
with respect to the bound-of-batch of the yield stress for
Rd = 0.96 mm.
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certain value leads to slightly increased springback
values.

� A simple sensitivity analysis was performed to
determine the most influential random variable and
yield stress was found to be the most influential ran-
dom variable. This information can be very useful
for a company manager to decide how to allocate
the company resources on reducing uncertainties.
For this problem, it was more effective to allocate
the resources for tighter quality control measures
that can reduce the uncertainty in yield stress.

� A double-loop MCS methodology was proposed to
simulate the effects of different material batches
and different parts. The batch-to-batch and part-to-
part springback variation values were computed. It
was found that, as the batch-to-batch variability of
yield stress increased, the batch-to-batch springback
variation increased, while the part-to-part spring-
back variation remained unchanged.

Note that a simple geometry and analytical model is
used in this study. The geometry is based on a bench-
mark problem of NUMISHEET’93.46 The hardening
model is based on Hill48 yielding criterion. Therefore,
most of the results are mainly applicable for the ana-
lyzed problem. For instance, it was found that the yield
stress was the most influential parameter. If a different
material model or a different yielding criterion is used,
a different parameter might be found as the most
important parameter. Similarly, a PRS2 was found to
be the most accurate metamodel type for the mean and
standard deviation of the springback. For different
geometry and loading/boundary conditions, a different
metamodel type might be found as the most accurate
metamodel type. These issues can be the subject of fur-
ther studies.
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Appendix 1

Notation

b sheet width, mm
c half thickness of the elastic region, mm
E Young’s modulus, GPa
E1 Young’s modulus in plane strain

condition, GPa
f anisotropy coefficient
F stretching force per unit width
I inertia moment of cross section per unit

width, mm3

k strain hardening coefficient, MPa
K hardening coefficient
Ln length of neutral surface
Lm arc length of sheet middle surface
L length of sidewall, mm
M bending moment, Nmm
Me elastic moment, Nmm
Mp plastic moment, Nmm
n strain hardening exponent
N number of data points
Nb number of batches
Np number of parts
Pmax maximum blank holding force that will

not cause fracture, N
r radius of the concerned bending layer,

mm
R normal anisotropy
Rd die radius, mm
Ri radius of concave surface, mm
Rm bending radius of middle surface, mm
Rn bending radius of neutral surface, mm
Ro radius of convex surface, mm
Rp punch radius, mm
t final sheet thickness, mm
tmin minimum of sheet thickness, mm
t0 initial sheet thickness, mm
w1 and w2 weighting factors
DM change of bending moment
Du angular change during springback in

region II and IV, degree
Dusw angular change during springback in

region III, degree
elim elastic limit strain
e0 strain corresponding to �ss

ez strain along the sheet width
u desired bending angle, degree
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uf fillet angle of die or punch, degree
m mean value
md friction coefficient between die and the

sheet
mDu mean deviation of springback
mDt mean deviation values of sheet thinning
sb standard deviation of batches
sp standard deviation of parts
sr stress of reverse loading point, MPa
sY yield strength
sDt standard deviation values of sheet

thinning
sDu standard deviation of springback
su tangential stress, MPa
smu tangential stress in sheet middle surface,

MPa
�ss initial yielding stress, MPa
n Poisson’s ratio

Appendix 2

The constructed response surface approximations
and their R2 values

The following are the polynomial response surface
approximations built for the mean values and standard
deviations of the springback and the sheet thinning in
terms of the die radius Rd used in solving the robust
optimization problem for 5% allowable sheet thinning.

The mean value of the springback (in degrees) when
0.7mm4Rd4 1.0mm

Duð Þmean =0:1657Rd
2 +0:1204Rd

+2:16; R2 =0:9991 ð19Þ

The standard deviation of the springback (in degrees)
when 0.7mm4Rd4 1.0mm

Duð Þstd= � 0:002857Rd
2 +0:05471Rd

+0:06816; R2 =0:9987 ð20Þ

The mean value of the sheet thinning (in percentage)
when 0.7mm4Rd4 1.0mm

Dtð Þmean =9:116Rd
2 � 23:28Rd

+18:1; R2 =0:9999 ð21Þ

The standard deviation value of the sheet thinning (in
percentage) when 0.7mm4Rd4 1.0mm

(Dt)std =0:06592R2
d � 0:1963Rd

+0:1833; R2 =0:9996 ð22Þ

Similarly, the polynomial response surface approxima-
tions used in solving the robust optimization problem
for 10% allowable sheet thinning are given below.

The mean value of the springback (in degrees) when
0.48mm4Rd4 0.60mm

(Du)mean =0:4315R2
d � 0:2152Rd

+2:267; R2 =0:9999 ð23Þ

The standard deviation of the springback (in degrees)
when 0.48mm4Rd4 0.60mm

(Du)std=0:008929R2
d +0:03839Rd

+0:07384; R2 =0:9998 ð24Þ

The mean value of the sheet thinning (in percentage)
when 0.48mm4Rd4 0.60mm

(Dt)mean =28:24R2
d � 48:25Rd

+26:34; R2 =0:9999 ð25Þ

The standard deviation of the sheet thinning (in per-
centage) when 0.48mm4Rd4 0.60mm

(Dt)std =0:1042R2
d � 0:2434Rd

+0:1993; R2 =0:9999 ð26Þ

Finally, the polynomial response surface approxima-
tions used in solving the robust optimization problem
for 15% allowable sheet thinning are provided below.

The mean value of the springback (in degrees) when
0.31mm4Rd4 0.43 mm

(Du)mean =1:03R2
d � 0:7388Rd

+2:382; R2 =0:9976 ð27Þ

The standard deviation of the springback (in degrees)
when 0.31mm4Rd4 0.43mm

(Du)std=0:02976R2
d +0:02262Rd

+0:07675;R2 =0:9998 ð28Þ

The mean value of the sheet thinning (in percentage)
when 0.31mm4Rd4 0.43mm

(Dt)mean =66:75R2
d � 82:14Rd

+33:85; R2 =0:9999 ð29Þ

The standard deviation of the sheet thinning (in per-
centage) when 0.31mm4Rd4 0.43mm

(Dt)std =0:1161R2
d � 0:2543Rd

+0:2019; R2 =0:9999 ð30Þ
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